Abstract. We study threefolds fibred by K3 surfaces admitting a lattice polarization by a certain class of rank 19 lattices. We begin by showing that any family of such K3 surfaces is completely determined by a map from the base of the family to the appropriate K3 moduli space, which we call the generalized functional invariant. Then we show that if the threefold total space is a smooth Calabi-Yau, there are only finitely many possibilities for the polarizing lattice and the form of the generalized functional invariant. Finally, we construct explicit examples of Calabi-Yau threefolds realizing each case and compute their Hodge numbers.
Introduction
The primary aim of this paper is to study threefolds fibred by K3 surfaces polarized by a certain class of rank 19 lattice, with a particular focus on Calabi-Yau threefolds.
In more detail, this paper is concerned with the study of threefolds fibred by M n -polarized K3 surfaces, where M n is the rank 19 lattice
here H denotes the hyperbolic plane lattice and E 8 denotes the negative definite E 8 root lattice. Such K3 surfaces, and the threefolds fibred by them, are interesting from the perspective of mirror symmetry. In particular, M n -polarized K3 surfaces are mirror (here "mirror" is used in the sense of Dolgachev [Dol96] and Nikukin [Nik80a] ) to K3 surfaces of degree 2n, and we expect mirror symmetry for CalabiYau threefolds fibred by M n -polarized K3 surfaces to be closely linked to the Fano-LG correspondence for smooth Fano threefolds of Picard rank 1 (see Remarks 2.16 and 4.7).
Our study of threefolds fibred by M n -polarized K3 surfaces was initiated in [DHNT16] , where we performed a careful examination of threefolds fibred by M 2 -polarized K3 surfaces. In particular, we gave a classification of Calabi-Yau threefolds fibred non-isotrivially by M 2 -polarized K3 surfaces. This classification raised a natural question: for which n do there exist Calabi-Yau threefolds fibred nonisotrivially by M n -polarized K3 surfaces, and can they also be classified? The aim of this paper is to answer that question.
Our first main result (Theorem 2.2) is a generalization of [DHNT16, Theorem 2.3]. It shows that, for n ≥ 2, an M n -polarized family of K3 surfaces (in the sense of [DHNT15, Definition 2.1]) over a quasi-projective base curve U is completely determined by its generalized functional invariant map U → M Mn , where M Mn denotes the (compact) moduli space of M n -polarized K3 surfaces. The case n = 1 is excluded here, as it is complicated by the fact that M 1 -polarized K3 surfaces admit an antisymplectic involution that fixes the polarization. This means that the analogue of Theorem 2.2 does not hold for M 1 -polarized families of K3 surfaces (see Remark 2.3); we therefore primarily restrict our attention to the cases where n ≥ 2. It should, however, be noted that several Calabi-Yau threefolds fibred by M 1 -polarized K3 surfaces are known to exist (see [DHNT15, Theorem 5 .20]), but no classification for them is currently known; the authors intend to address this in future work.
Following on from this, the main results of the paper (Theorems 2.12 and 2.13) show that a Calabi-Yau threefold may only admit a non-isotrivial fibration by M npolarized K3 surfaces if n ∈ {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 19, 23}
and, moreover, that the resulting Calabi-Yau threefolds are rigid unless n ∈ {1, 2, 3, 4, 5, 6, 7, 8, 9, 11}.
In addition to these, Theorem 2.17 places strict limits on the possible generalized functional invariant maps that may arise for each n.
In the final part of this paper we study the converse statement, and ask which of the cases allowed by the theorems mentioned above can actually be realized by examples. Our main result here (Theorem 4.1) constructs explicit birational models for all such Calabi-Yau threefolds, and we compute Hodge numbers in all cases. This gives a substantial extension of the results of [DHNT16] .
1.1. Structure of the paper. This paper is structured as follows. In Section 2 we begin by proving Theorem 2.2, which shows that any non-isotrivial M n -polarized family of K3 surfaces, for n ≥ 2, is uniquely determined by its generalized functional invariant map. Then we prove a Hodge-theoretic version of the same result: that the transcendental variation of Hodge structure associated to an M n -polarized family of K3 surfaces is the pull-back of a fundamental variation of Hodge structure V + n from the moduli space M Mn of M n -polarized K3 surfaces. Following on from this, we construct the variations of Hodge structure V + n explicitly and study some of their properties. This allows us to prove Theorems 2.12 and 2.13, which show that a Calabi-Yau threefold may only admit a non-isotrivial M n -polarized K3 fibration if n is one of a small number of possibilities. Finally, we use results from [DHT17a] to prove Theorem 2.17, which places severe restrictions on the possible generalized functional invariants that may give rise to Calabi-Yau threefolds.
In Section 3 we study the converse problem, and attempt to construct explicit examples of Calabi-Yau threefolds realizing the possibilities allowed by our earlier results. By Theorem 2.2, these are all birational to pull-backs of certain fundamental families X n → M Mn under the generalized functional invariant map. Section 3 is dedicated to a detailed study of these fundamental families X n ; in particular, we conduct a careful examination of their singular fibres and resolutions.
Finally, Section 4 applies the results of the previous sections to the explicit construction of Calabi-Yau threefolds. The main result here is Theorem 4.1, which shows that all of the generalized functional invariants listed in Theorem 2.17 actually give rise to (possibly mildly singular) Calabi-Yau threefolds fibred by M npolarized K3 surfaces. Following on from this, Propositions 4.3 and 4.4 explicitly compute the Hodge numbers of these Calabi-Yau threefolds.
Remark 1.1. Throughout this paper, a Calabi-Yau threefold will always be a projective threefold X with trivial canonical sheaf ω X ∼ = O X and H 1 (X , O X ) = 0. Unless otherwise specified, we do not necessarily assume that X is smooth, but we do assume that any singularities it has are Q-factorial and terminal.
Acknowlegements. The computations of singularity types and explicit resolutions of singularities found in this paper were greatly assisted by the Singular computer algebra system [DGPS15] .
A bound on possible lattices
The aim of this section is to place restrictions on the possible lattices M n that may polarize the fibres in a Calabi-Yau threefold fibred by M n -polarized K3 surfaces. We will begin by establishing some general results that apply to any threefold fibred by M n -polarized K3 surfaces, then specialize to the Calabi-Yau case in Section 2.5.
We begin by setting up some notation. Let X be a projective threefold with at worst terminal singularities, that admits a fibration π : X → B by K3 surfaces over a smooth base curve B. Let X p denote the fibre of π over p ∈ B and let NS(X p ) denote the Néron-Severi group of X p . We will assume that, for general choice of p, we have NS(X p ) ∼ = M n , where M n denotes the rank 19 lattice M n := H ⊕ E 8 ⊕ E 8 ⊕ −2n (here H denotes the hyperbolic plane lattice and E 8 denotes the negative definite E 8 root lattice). Let M ⊥ n = H ⊕ 2n denote the orthogonal complement of M n in the K3 lattice Λ K3 := H ⊕3 ⊕ E ⊕2 8 . As any singularities of X are terminal, they must be isolated points by [KM98, Corollaries 5.38 and 5.39]. Let U ⊂ B denote the open set over which X is smooth and the fibres of π are smooth K3 surfaces, let j : U ֒→ B denote the natural embedding, and let π U : X U → U denote the restriction of X to U . Suppose further that π U : X U → U is an M n -polarized family of K3 surfaces in the sense of the following definition.
Definition 2.1. [DHNT15, Definition 2.1] Let L ⊆ Λ K3 be a lattice and π U : X U → U be a smooth projective family of K3 surfaces over a smooth quasiprojective base U . We say that X U is an L-polarized family of K3 surfaces if
• there is a trivial local subsystem L of R 2 π * Z so that, for each p ∈ ∆ * , the fibre L p ⊂ H 2 (X p , Z) of L over p is a primitive sublattice of NS(X p ) that is isomorphic to L, and
• there is a line bundle A on X U whose restriction A p to any fibre X p is ample with first Chern class c 1 (A p ) contained in L p and primitive in NS(X p ).
In general, we will call such X a threefold fibred by M n -polarized K3 surfaces. If, in addition, the family π U : X U → U is not isotrivial, we will call X a threefold fibred non-isotrivially by M n -polarized K3 surfaces.
2.1. Modular families and the generalized functional invariant. To any M n -polarized family of K3 surfaces π U : X U → U , we may associate a generalized functional invariant map g : U → M Mn , where M Mn denotes the (compact) moduli space of M n -polarized K3 surfaces; note that since rank(M n ) = 19, this moduli space is 1-dimensional. g is defined to be the map which takes a point p ∈ U to the point in moduli corresponding to the fibre X p .
The generalized functional invariant map is important because of the following theorem.
Theorem 2.2. Suppose n ≥ 2. Let π U : X U → U denote a non-isotrivial M npolarized family of K3 surfaces over a quasi-projective curve U , such that the Néron-Severi group of a general fibre of X U is isomorphic to M n . Then π U : X U → U is uniquely determined (up to isomorphism) by its generalized functional invariant map g : U → M Mn .
Proof. This was proved for n = 2 in [DHNT16, Theorem 2.3]. The result in the general case follows by the same argument, after noting that the discriminant lattice
Remark 2.3. In the case n = 1, the existence of an antisymplectic involution fixing the polarization on an M 1 -polarized K3 surface gives rise to several pathologies, one of which is that this result does not hold. For this reason, in this paper we will always restrict our attention to the cases where n ≥ 2, unless otherwise stated. More details about the case n = 1 may be found in [DHNT15, Section 5.5]; it is our intention to address this case in more detail in future work.
A consequence of this theorem is that any M n -polarized family of K3 surfaces π U : X U → U , for n ≥ 2, is the pull-back of a fundamental modular family X n → M Mn under the generalized functional invariant map.
These families X n may be constructed as follows. Clingher and Doran [CD07] proved that there is a family of K3 surfaces written as resolutions of singular quartics in P 3 X(a, b, c) := {y 2 zw − 4x
, the corresponding K3 surfaces are the same if and only if (a,
correspond to the same point in the weighted projective surface WP(2, 3, 6) ∼ = P 2 . Furthermore, every K3 surface in the above form admits a polarization by the lattice M = E 8 ⊕ E 8 ⊕ H, and every Mpolarized K3 surface can be expressed in the above form. In other words, the family X(a, b, d) defines a modular family of M -polarized K3 surfaces. The parameters (a, b, d) may be expressed in terms of modular functions on the quasiprojective variety H 2 /(PSL 2 (Z) 2 ⋊ Z/2Z). In particular, if X is a K3 surface which is lattice polarized by the lattice M n = M ⊕ −2n , then X can be expressed as a resolution of one of the surfaces X(a, b, d).
One may ask whether the subvarieties of the (a, b, d) domain corresponding to M npolarized K3 surfaces are indeed the moduli spaces M Mn . There is a map from M Mn to WP(2, 3, 6), whose degree is given by the index of the subgroup of O(Λ K3 ) which acts as the identity on M n inside the subgroup of O(Λ K3 ) which acts as the identity on M and sends M ⊥ n to itself. The following result implies that this index is 1.
Lemma 2.4. Suppose n ≥ 2. If γ ∈ O(Λ K3 ) fixes the lattice M and sends M ⊥ n to itself, then γ acts as the identity on M n .
Proof. This is a simple exercise in lattice theory using [Nik80b, Corollary 1.5.2].
Therefore, the curves in WP(2, 3, 6) which support M n -polarized K3 surfaces may be identified with the curves M Mn whenever n ≥ 2. Furthermore, if M Mn is rational, then we may find a parametrization (a n (t), b n (t), d n (t)) so that the corresponding family X n of K3 surfaces, defined to be a maximal crepant resolution of X(a n (t), b n (t), d n (t)), is a family of K3 surfaces admitting M n -polarizations, whose period map is of degree 1 onto the moduli space of M n -polarized K3 surfaces. The fact that this defines an M n -polarized family, in the sense of Definition 2.1, follows from Lemma 2.4.
We will compute some of the families X n explicitly, for small values of n, in Section 3; but in general this is difficult to do. Therefore, in order to deduce information about M n -polarized families of K3 surfaces π U : X U → U for arbitrary n ≥ 2, we instead turn to Hodge theory.
2.2. Some Hodge theory. The family π U : X U → U determines a weight 2 variation of polarized Hodge structure H X on R 2 π U * Z. Following the discussion of [DHNT15, Section 2.1], define T (X U ) to be the integral local subsystem of R 2 π U * Z underlying the smallest integral sub-variation of Hodge structure of H X containing H 2,0
The local system T (X U ) thus supports a variation of polarized Hodge structure, with polarization induced from H X (this variation of Hodge structure is the "essential part" of H X , as defined by Saito and Zucker [SZ91, Section 4]).
Let N S(X U ) denote the orthogonal complement of
Here N S(X U ) can be interpreted as those classes which lie in NS(X p ) for all p ∈ U ; by assumption, in our setting N S(X U ) is a trivial local system of rank 19. Therefore, all of the important information is contained in the local system T (X U ), which has rank 3 and supports a variation of Hodge structure of type (1, 1, 1).
The direct image j * T (X U ) of this sheaf on B admits a Hodge structure of weight 3 on its cohomology H 1 (B, j * T (X U ) ⊗ Q), defined as follows. Indeed, suppose that V is any Q-local system defined on a Zariski open set j : U ֒→ B, which supports a variation of Hodge structure of weight k. Following Deligne [Del71] , the associated Hodge filtration F i may be extended to coherent sheaves F i over the entire curve B in a (quasi-)canonical manner. Zucker [Zuc79] then shows how to use the sheaves F i to equip the cohomology group H 1 (B, j * V) with a pure polarizable Hodge structure of weight k + 1.
Our main use for this Hodge structure arises from the following result, which allows us to deduce information about the Hodge structure on H 3 (X , C) from that on H 1 (U, j * T (X U ) ⊗ C). In particular, it will allow us to compute the geometric genus of X , which we can use to restrict when X may be Calabi-Yau.
Lemma 2.5. Let π : X → B be a smooth threefold and suppose that the restriction π U : X U → U of π to a Zariski open set U ⊂ B is an L-polarized family of K3 surfaces, in the sense of Definition 2.1, where L is the Néron-Severi lattice of a general fibre of X U . Then we have an injective morphism of Hodge structures
the cokernel of which is supported in the (1, 2) and (2, 1) components. In particular, h 3,0 of the Hodge structure on
Proof. Zucker [Zuc79, Corollary 15 .15] has proved that, in our setting, the Leray spectral sequence degenerates at the E 2 level. Since the generic fibre of π is a K3 surface, we have H 2 (B, R 1 π * C) = 0, so the Leray spectral sequence gives an exact sequence of morphisms of Hodge structures
Now, [Zuc79, Proposition 15 .12] gives a surjective map of sheaves
U * C, whose kernel is a skyscraper sheaf supported on B\U . We thus have an isomorphism of cohomology
and, by Equation (1), the latter group is isomorphic to H 1 (U, j * T (X U ) ⊗ C), since our assumptions imply that N S(X U ) is a trivial local system. This proves the first part of the lemma. To prove the second part note that, by the exact sequence above, the cokernel of this morphism is H 0 (B, R 3 π * C). The Hodge structure on this group is analysed in detail by Zucker [Zuc79, Section 15]. It follows from this analysis (for details, see the proof of [DHNT16, Lemma 3.4]) that there is an injective morphism of Hodge structures of weight 3
where the direct sum runs over the irreducible components S i of the singular fibres in X . Since these components are all surfaces, the Hodge structure on H 3 (S i , C) is supported in the (1, 2) and (2, 1) components. This completes the proof.
Given this, we wish to find a way to study the local system T (X U ). The aim of the next subsection is to prove a Hodge theoretic version of Theorem 2.2 which will do just that: we will prove that the variation of Hodge structure on T (X U ) is obtained as the pull-back of a given variation of Hodge structure V + n on M Mn by the generalized functional invariant. To construct this variation of Hodge structure, we first examine the structure of M Mn .
2.3. Modular curves and variations of Hodge structure. For each n ≥ 2, we may build a variation of Hodge structure on M Mn in the following way. Begin by choosing a basis (e, f, g) for M ⊥ n = H ⊕ 2n , so that e is a generator of 2n and (f, g) is a standard basis for H.
Define the period domain * and the moduli space of M n -polarized K3 surfaces M Mn . Now let F 2 be the tautological vector bundle O P 2 (−1) restricted to D n , which is a sub-bundle of the vector bundle
This defines a weight 2 variation of Hodge structure F 2 ⊆ F 1 ⊆ F 0 , which descends to variations of Hodge structure V n and V
respectively. These two variations of Hodge structure are closely related: there is a double covering Proposition 2.6. Suppose n ≥ 2. Let π U : X U → U be a non-isotrivial M npolarized family of K3 surfaces over a quasi-projective curve U , such that the Néron-Severi group of a general fibre of X U is isomorphic to M n . Then the variation of Hodge structure on T (X U ) is the pullback of V + n by the generalized functional invariant map g : U → M Mn .
Proof. This proposition is proved in largely the same way as Theorem 2.2 (and, by extension, [DHNT16, Theorem 2.3]). Assume for a contradiction that the local systems T (X U ) and g * (V + n ) differ on U . Let {U i } denote an open cover of U , with each U i simply connected. As the local systems T (X U ) and g * (V + n ) are trivial on each U i , they must differ in the way that they glue over the intersections U i ∩ U j . Let V be a connected component of such an intersection, so that the gluing maps differ over V .
Over V , the two gluing maps must differ by a fibrewise automorphism in the group O(M ⊥ n ) * . But if follows from a slight modification of the argument in [DHNT16, Theorem 2.3] (see Theorem 2.2) that no such automorphism exists for n > 1. Thus T (X U ) and g * (V + n ) are isomorphic as local systems. It remains to show that the variations of Hodge structure agree. To do this, it suffices to show that g
. But this is a standard property of the period map.
In order to use this result to study M n -polarized families of K3 surfaces, we need to understand the variations of Hodge structure V + n . As we shall see, it will turn out to be simpler to study the closely related variations of Hodge structure V n , then use them to deduce the properties of V + n . We begin by studying the quotients
* may be realized as a certain modular curve. To define this curve we recall some standard notation. Let
By convention, Γ 0 (1) is just the full modular group Γ = PSL 2 (Z). We also have
where
is the Fricke involution.
With this notation, define Y 0 (n) := H/Γ 0 (n) and Y 0 (n) + := H/Γ 0 (n) + , where H denotes the upper half-plane in C, and let i : Y 0 (n) ֒→ X 0 (n) and i
* may also be presented as the modular curve Y 0 (n) in the following way. We begin with the well-known isomorphism
In [Dol96, Remark 7.2], Dolgachev presents this morphism as
From this, we see that if γ acts on R 2 with basis (x, y), then A(γ) is an expression for the action of γ on Sym 2 (R 2 ) in terms of the basis (x 2 /n, −xy, y 2 ). Moreover, the matrix A(γ) preserves the pairing 
We may use this to explicitly construct the variation of Hodge structure
Proposition 2.7. The variation of Hodge structure V n is the symmetric square of a polarizable weight one Z-variation of Hodge structure V √ n over Y 0 (n).
Proof. Begin by considering the weight 1 variation of Hodge structure
2 , defined so that F 1 is the sub-bundle of F 0 := H × C 2 whose fibre over τ ∈ H is given by the subspace in C 2 spanned by (τ, 1). Now define a local system V √ n on Y 0 (n) as the quotient
where Γ 0 (n) acts on H by Möbius transformation and acts on Z 2 by the natural representation. The variation of Hodge structure F 1 ⊆ F 0 descends under this quotient, so defines a weight 1 variation of Hodge structure on V √ n .
We claim that Sym 2 V √ n is actually the local system V n described above. Indeed, this follows from the discussion above if we take the map
which sends the vector (τ, 1) to its symmetric square. This is a morphism of Hodge structures, and the map A transforms the action of
. Remark 2.8. Note that a similar result does not hold for the variation of Hodge structure V + n . This is because the matrix
* is not the one induced by applying A to Γ 0 (n) + . Indeed, ι acts on on the basis (f, e, −g) as 
which has determinant −1 and therefore cannot come from an element of SL 2 (R).
In fact, one may check that the map A sends
to ι; this should be thought of as a complex rotation of the Fricke involution. Define
Then Γ 0 (n) + is isomorphic to Γ 0 (n) + , as a subgroup of PSL 2 (C), and acts on H in the same way. The image of
Now that we understand V n , we may use it to deduce properties of V + n . In order to apply Lemma 2.5 and access Hodge theoretic data about threefolds fibred by M npolarized K3 surfaces, we need to understand the Hodge decompositions induced on the cohomology groups
We begin with a technical lemma that will allow us to compare these cohomology groups.
Lemma 2.9. Let g : B → X 0 (n) + be a covering of X 0 (n) + by a smooth complete curve. Let U ⊂ B denote the preimage of Y 0 (n) + under g and let j : U → B denote the embedding. Then the natural morphism of Hodge structures induced by the pull-back (see [Zuc79, Proposition 8 
+ denote a modular family of M n -polarized K3 surfaces with smooth total space over X 0 (n) + ∼ = M Mn , and let X ′ be a smooth resolution of the pull-back of X n by the map g. Then we have a diagram
here the horizontal maps are the morphisms of Hodge structures induced by the pullbacks, and the vertical maps are the injective morphisms of Hodge structure arising from the Leray spectral sequence (see Lemma 2.5). It follows from functoriality of the Leray spectral sequence that the diagram commutes. Using this diagram, we see that to prove injectivity of g * , it suffices to prove that the map
But this map is induced by the pull-back along the surjective map X ′ → X n , obtained as the composition of the resolution and the pull-back by g, so its injectivity follows immediately from [Voi07, Lemma 7.28].
Using this, we can prove an important result about the Hodge decompositions on the cohomology groups
Proposition 2.10. The Hodge numbers h p,q of the weight 3 Hodge structures on
Proof. Shimura [Shi59] has shown that there is a Hodge structure of weight 3 on the space
, where S 2 (Γ 0 (n)) denotes the space of C 2 -valued cusp forms of weight 2 for Γ 0 (n), which is concentrated in the (0, 3) and (3, 0) components. Zucker [Zuc79, Section 12] then proved that this Hodge structure agrees with the Hodge structure on H 1 (X 0 (n), i * V n ) described above; this completes the proof in the X 0 (n) case. Given this, the X 0 (n) + case follows immediately from Lemma 2.9.
We can use this to compute the Hodge numbers h 3,0 and h 0,3 of the Hodge structure on H 1 (X 0 (n)
Indeed, since we know that the Hodge numbers h 1,2 and h 2,1 are trivial, it suffices to compute the rank of
To do this, we follow the method of [DHNT16, Section 3.3], which requires us to determine the local monodromy matrices of the local system V + n .
2.4.
Computation of the local monodromy. We begin by describing the local monodromy matrices of V n , which we compute using Proposition 2.7 and the wellknown local monodromy matrices of V √ n . For n > 4, we can use these to deduce the local monodromy matrices of V + n . The cases n ∈ {2, 3, 4} will then be tackled individually.
Let p be a point in H that is fixed by a matrix γ in SL 2 (R). If the order of γ is 4, then γ is conjugate to
whilst if the order of γ is 3 or 6, then γ is conjugate to
Finally, for each cusp p of X 0 (n), the matrix which fixes p is conjugate to Now we descend to the local monodromy matrices of V + n . The following result seems well known.
Lemma 2.11. The following statements hold:
(1) If n = 4, then the Fricke involution τ n does not fix any cusp of X 0 (n).
(2) If n > 3, then the Fricke involution τ n does not fix any elliptic orbifold point of X 0 (n).
Proof. The first statement is precisely [Ogg74, Proposition 3] and the second follows easily from the discussion following it. In particular, [Ogg74] shows that the fixed points of τ n correspond to specific elliptic curves with level n structure and with complex multiplication by Q( √ −n).
One can check by concrete computation that (1) If n = 2, then the Fricke involution τ 2 fixes one smooth point in X 0 (2) and the orbifold point of order 2. (2) If n = 3, then the Fricke involution τ 3 fixes one smooth point in X 0 (3) and the orbifold point of order 3. (3) If n = 4, then the Fricke involution τ 4 fixes one smooth point in X 0 (4) and a cusp of width 4. Otherwise, Lemma 2.11 shows that only smooth points of X 0 (n) are fixed by the Fricke involution τ n .
It follows that if n > 4, the local monodromy matrices in the local system V 
around the orbifold point of order 2, the cusp of width 1, and the cusp of width 2, respectively. Now we have the local monodromy data, we may easily compute the rank of
In general, suppose that V is a local system on an open subset j : U ֒→ B, and let {p 1 , . . . , p n } = B \ U . Let γ i be the monodromy transformation associated to a small loop moving counterclockwise around p i and let
where V γi pi is the subspace of elements of V pi that are fixed under the action of γ i . Then the rank of H 1 (B, j * V) is given by the following variation of Poincaré's formula in classical topology, due to del Angel, Müller-Stach, van Straten and Zuo [dAMSvSZ10, Proposition 3.6]:
Applying this in our setting, we see that
for n > 4, where k n denotes the number of smooth points fixed by τ n in X 0 (n), and ν 2 , ν 3 and ν ∞ denote the numbers of elliptic points of order 2, elliptic points of order 3, and cusps in X 0 (n) respectively. Formulas for the various terms in this expression are well-known: formulas for ν 2 , ν 3 and ν ∞ appear in [DS05, Corollary 3.7.2 and Section 3.8], and a formula for k n appears in [Ogg74, Section 2].
2.5. Application to Calabi-Yau threefolds. We wish to use this theory to restrict which lattices M n can arise as polarizations in a Calabi-Yau threefold fibred non-isotrivially by M n -polarized K3 surfaces. So let π : X → B be a smooth Calabi-Yau threefold fibred non-isotrivially by M n -polarized K3 surfaces (note that the cohomological condition in the definition of Calabi-Yau threefold necessitates B ∼ = P 1 ). Define π U : X U → U as before, and let j : U → B denote the inclusion.
By Proposition 2.6, the variation of Hodge structure on T (X U ) is the pullback of V + n by the generalized functional invariant map g : B → X 0 (n) + . Combining this with Lemmas 2.5 and 2.9, we see that we must have an injective morphism of Hodge structures
Moreover, by the Calabi-Yau condition, we must have h 3,0 (X ) = 1, so the Hodge structure on H 1 (X 0 (n)
have Hodge number h 3,0 ≤ 1. By Proposition 2.10, this is equivalent to the condition rank
Summarizing, we see that in order for X to be a smooth Calabi-Yau, the following two conditions must hold:
(1) The curve X + 0 (n) must have genus 0 (by Hurwitz's theorem), and (2) The local system V + n must satisfy rank
A complete list of all integers n so that X 0 (n) has genus 0 is known. In particular, n ∈ {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 12, 13, 16, 18, 25}. In particular, if n = 1 and X is a smooth Calabi-Yau threefold fibred non-isotrivially by M n -polarized K3 surfaces, then n must be one of the integers above.
Proof. This is easy to check explicitly using Equation (3).
Recall that a smooth Calabi-Yau threefold X is called rigid if h 2,1 (X ) = 0.
Theorem 2.13. If X is a smooth Calabi-Yau threefold fibred non-isotrivially by M n -polarized K3 surfaces and n ∈ {10, 12, 13, 14, 15, 16, 17, 19, 23}, then X is a rigid Calabi-Yau threefold.
Proof. We begin by showing that any small deformation of X must also admit a fibration by M n -polarized K3 surfaces. The first step in this is to show that any small deformation of X must contain a K3 surface. This will follow if we can show that any small deformation of X lifts to a small deformation of the pair (X , S), where S is a general fibre of the K3 fibration on X . Small deformations of X are parametrized by the cohomology group H 1 (X , T X ), where T X denotes the tangent bundle to X , and small deformations of the pair (X , S) are parametrized by H 1 (X , T X (− log S)). We may relate these two groups as follows. The short exact sequence
where N S|X is the normal bundle of S in X , induces a long exact sequence in cohomology
The map α in this exact sequence corresponds to the fact that any small deformation of (X , S) induces a small deformation of X . Thus the obstruction to lifting a small deformation of X to a small deformation of (X , S) comes from the map β. But, since S is a fibre in a K3 fibration on X , we have N S|X ∼ = O S , so H 1 (S, N S|X ) = 0. Therefore β is trivial, and any small deformation of X lifts to a small deformation of the pair (X , S).
Next we show that if S is a K3 surface in a Calabi-Yau threefold X , then S is the class of a fibre of a map π : X → P 1 . Indeed, let S be a smooth K3 surface in X and let i : S ֒→ X be the embedding. Then any section s in H 0 (X , O X (S)) gives rise to a short exact sequence
from which we obtain the exact sequence of cohomology groups
Now, by adjunction we have
thus for a generic global section s of O X (S), the restriction of s to S does not vanish. This implies that the base locus of the linear system |S| in X is empty. Moreover, the exact sequence above gives h 0 (X , O X (S)) = 2, so the morphism defined by the linear system |S| maps to P 1 and has fibres deformation equivalent to S. It thus defines a K3 fibration on X .
Finally, we show that this K3 fibration is M n -polarized. Let G S denote the subgroup of H 2 (X , Z) which intersects the cohomology class of S non-trivially, equipped with the pairing E, F S = E, F, [S] , where ·, ·, · is the triple product on H 2 (X , Z). Then G S is a topological invariant of the pair (X , S). Moreover, G S is precisely the lattice polarization of π : X → P 1 . This shows that any small deformation of X remains fibred by K3 surfaces and, more importantly, this K3 surface fibration is M n -polarized. Now, by Equation (4), we have an injective morphism of Hodge structures
Moreover, it follows from Theorem 2.12 that
and, by Proposition 2.10, we see that the Hodge structure on
is concentrated in the (3, 0) and (0, 3) components. Thus, since X is a Calabi-Yau threefold, it follows that there is some sub-Hodge structure H of H 3 (X , C) with components only of types (1, 2) and (2, 1), so that
Such a decomposition of Hodge structures also exists for a generic deformation of X , as such deformations are also fibred by M n -polarized K3 surfaces. However, Bardelli has proven [Bar91, Proposition 1.1.2] that this implies that a generic deformation has trivial Kodaira-Spencer map; in other words, X must be rigid by the local Torelli theorem for Calabi-Yau manifolds.
Corollary 2.14. If X is a smooth, non-rigid Calabi-Yau threefold fibred nonisotrivially by M n -polarized K3 surfaces, then
A third invariant, which we call the hypersurface degree, may be formed as the combination n := δ 2ρ 2 . 2n may be interpreted as the degree of a generic anticanonical K3 hypersurface in Y , with the polarization induced by H.
Using the well-known classification by Iskovskih [Isk77, Isk78] , one may easily compute the hypersurface degrees for all smooth Fano threefolds of Picard rank 1 (c.f. [Gol07, Theorem 2.1]). The set of integers one obtains are precisely those appearing in Corollary 2.14. We postulate that this is not a coincidence. Indeed, if Y is a Fano threefold of Picard rank 1 and hypersurface degree n, then a generic anticanonical hypersurface in Y is a smooth K3 surface with Picard group of rank 1 and Picard lattice isomorphic to 2n . According to Dolgachev [Dol96] , the mirror of a K3 surface with Picard group isomorphic to 2n is an M n -polarized K3 surface. In other words, the M n -polarized K3 surfaces which appear as the fibres of smooth, non-rigid Calabi-Yau threefolds fibred non-isotrivially by M n -polarized K3 surfaces are precisely those which are mirror to anticanonical K3 surfaces in smooth Fano threefolds of Picard rank 1. This mirror correspondence is closely related to the Fano-LG correspondence for smooth Fano threefolds of Picard rank 1, it is explored further in [DHT17b, Lee17] (see also Remark 4.7, below).
2.6. A further restriction. In order to achieve our goal of completely classifying non-rigid Calabi-Yau threefolds admitting non-isotrivial fibrations by M n -polarized K3 surfaces with n ≥ 2, we need to place some additional restrictions on the form of the generalized functional invariant maps g : P 1 → M Mn that may arise. We begin by setting up some extra notation to describe these generalized functional invariants. Note first that, for n ∈ {2, 3, 4, 5, 6, 7, 8, 9, 11}, the moduli space M Mn has orbifold points of types (2, . . . , 2, a, ∞), where a ≥ 2 is an integer or ∞ (a complete list of these orbifold points is given later, in Table 3 .3). Fix a parameter λ on M Mn so that the a-orbifold point occurs at λ = 0, the ∞-orbifold (or cusp) point occurs at λ = ∞, and the 2-orbifold points occur at λ = λ 1 , . . . , λ q . Note that in the case n = 4, where we have two cusps have different widths, the cusp of width 1 occurs at λ = ∞ and the cusp of width 2 occurs at λ = 0. Now suppose that g : and λ = λ 1 , . . . , λ q (the 2-orbifold points) respectively. Let r denote the degree of ramification of g away from λ ∈ {0, ∞, λ 1 , . . . , λ q }, defined as
where e p denotes the ramification index of g at the point p ∈ P 1 . The Hurwitz formula immediately implies that the relation
holds between these variables. Moreover, we have:
Theorem 2.17. Suppose that X is a smooth non-rigid Calabi-Yau threefold fibred non-isotrivially by M n -polarized K3 surfaces, with n ≥ 2. Then the ramification profile [y 1 , . . . , y l ] of the generalized functional invariant map of X over the aorbifold point in M Mn must be one of the possibilities listed in Table 2 .1.
Proof. This is a simple exercise using [DHT17a, Corollary 4.4] (see also [DHT17a, Section 4.1]).
Modular families of lattice polarized K3 surfaces
Next we turn our attention to the converse question: when do smooth non-rigid Calabi-Yau threefolds fibred non-isotrivially by M n -polarized K3 surfaces satisfying the conditions of the previous section actually exist? To answer this question, we will attempt to find an explicit construction for these threefolds.
The construction of such Calabi-Yau threefolds is a subject to which we have already given some attention: several explicit examples for 2 ≤ n ≤ 4 are studied in [DHNT15, Theorem 5.10] and the case n = 2 is treated in detail in [DHNT16] .
By Theorem 2.2, if π : X → B is such a Calabi-Yau threefold, the family π U : X U → U is given by the pull-back of the modular family X n → M Mn by the generalized functional invariant map g : U → M Mn . Thus in order to construct X , we begin by studying the families X n . Table 3 .2. Singularities of a generic fibre ofX n .
3.1. The modular families X n for small n. We will show that the modular families X n agree with a set of families first computed by Przyjalkowski [Prz13] in the context of Landau-Ginzburg models; these are defined as the maximal crepant resolutions of the familiesX n given explicitly in Table 3 .1. In this table, the "Ambient space" column gives the ambient space of the fibres and λ ∈ C ∪ {∞} denotes a parameter on the base M Mn of the family, chosen so that the a-orbifold and cusp points occur at λ = 0 and λ = ∞ respectively. For future reference, we also record the singularities occurring in the generic fibres of the familiesX n in Table 3 .2.
LetX n → M Mn denote the maximal crepant resolution ofX n . The singular fibres ofX n occur over the orbifold points of M Mn . The types of these orbifold points are shown in the "Orbifold type" column of Table 3 .3. The locations of the 2-orbifold points λ 1 , . . . , λ q in these families are listed in the λ i column of (2, 2, ∞, ∞) 9 + 6 √ 3, 9 − 6 √ 3 11 (2, 2, 2, 2, ∞) Roots of the cubic λ 3 − 20λ 2 + 56λ − 44 following sections we will omit the hat and simply denote these families by X n , and their restrictions to U Mn by X U n . Proposition 3.1. For n ∈ {2, 3, 4, 5, 6, 7, 8, 9, 11}, the familiesX U n → U Mn defined as above are M n -polarized families of K3 surfaces in the sense of Definition 2.1. Moreover, these families are modular, in the sense that their generalized functional invariant maps are isomorphisms.
The rest of this subsection is devoted to a proof of this proposition. For n ∈ {2, 3, 4}, Proposition 3.1 was proved in [DHNT15, Section 5.4]. So suppose that n ∈ {5, 6, 7, 8, 9, 11}. In these cases, Doran et al. [DHK + 16] have shown that X U n → U Mn is an M n -polarized family of K3 surfaces. It therefore only remains to prove modularity of these families.
To do this, we begin by showing that, if p ∈ M Mn is an orbifold point with order k (as given in Table 3 .3), then the local monodromy of the transcendental local system T (X U n ) has order k around p. To compute the orders of the local monodromies of T (X U n ), we turn to the properties of the familiesX U n . Przyjalkowski [Prz13] constructs these families as weak Landau-Ginzburg models of certain rank 1 Fano threefolds. In particular, he shows that the holomorphic periods of the familiesX U n are equal to the I-series of the corresponding Fano threefolds. It follows that the regularized quantum differential operators associated to these Fano threefolds, which annihilate the I-series, are Picard-Fuchs differential equations for the familiesX U n . These regularized quantum differential operators are computed for all rank 1 Fano threefolds by Golyshev [Gol07] ; the familyX Once one has the Picard-Fuchs differential equations for the familiesX U n , computation of the local monodromies of T (X U n ) is a straightforward application of the Frobenius method. Combining the result of this calculation with the computation of the local monodromies of the local systems V + n performed in Section 2.4, we conclude that T (X U n ) and V + n have the same monodromy profiles for all n ∈ {5, 6, 7, 8, 9, 11}. Definition 3.2. Let V be a local system. The monodromy profile of V is the unordered list of the orders of the local monodromy matrices of V (excluding, of course, points where this monodromy has order 1).
Moreover, we know from Proposition 2.6 that T (X U n ) is the pull-back of V + n under the generalized functional invariant map g ofX U n . Proposition 3.1 will therefore follow if we can prove that g * V + n can only have the same monodromy profile as V + n (for n ∈ {5, 6, 7, 8, 9, 11}) if g is an isomorphism. We will establish this fact through a pair of lemmas. The first lemma deals with the cases n ∈ {6, 8, 9}.
Lemma 3.3. Let V be a local system on a Zariski open subset of P 1 , which has at least two local monodromy matrices of infinite order and at least one other nontrivial local monodromy matrix. Let g : P 1 → P 1 be a morphism. Then g * V has the same monodromy profile as V if and only if g is an isomorphism.
Proof. By the Riemann-Hurwitz formula, our hypotheses imply that
where d = deg(g) and e p is the ramification index of g at p. Let Σ ∞ g be the set of points p ∈ P 1 such that the local monodromy of V around g(p) is of infinite order. Then g * V has |Σ ∞ g | points whose local monodromy matrices are of infinite order. If g * V has the same number of points with monodromy of infinite order as V, then it follows that g must be totally ramified at each point in Σ ∞ g . Therefore, if there are N points of P 1 around which the local monodromy of V is infinite order, then
Thus if N > 2, then we must have d = 1, so g is an isomorphism. Moreover, if N = 2, then there can be no ramification of g outside of Σ ∞ g . If this is the case, then the number of points of g * V around which monodromy is of finite order is d times the number of points in V around which monodromy is of finite order. These numbers are obviously only equal if d = 1, so g is an isomorphism in this case as well.
This lemma does not apply when we have only one cusp point, a situation which occurs whenever n is prime [DS05, Section 3.8]. We therefore need a second lemma to deal with the remaining cases, where n ∈ {5, 7, 11}.
Lemma 3.4. Let V be a local system on a Zariski open subset of P 1 , such that one of the local monodromy matrices of V is of infinite order and there are at least three points in P 1 at which the local monodromy matrices of V have finite order ≥ 2. Let g : P 1 → P 1 be a morphism. Then g * V has the same monodromy profile as V if and only if g is an isomorphism.
Proof. For the same reason as in Lemma 3.3, if p ∞ ∈ P 1 is the point where the local monodromy of V is of infinite order, then g −1 (p ∞ ) is a single point and g is ramified to order d := deg g at g −1 (p ∞ ). Therefore, the Riemann-Hurwitz formula gives
Let N be the number of points in P 1 around which the local monodromy of V is of finite order ≥ 2 and let Σ has ramification degree at least 2. Therefore,
Combining the two inequalities involving |Σ <∞ g |, we obtain
If d = 1, this can be rearranged to give N ≤ 2. Therefore, if N ≥ 3 as in the statement of the lemma, then we must have d = 1, so g is an isomorphism.
This completes the proof of Proposition 3.1.
3.2. Singular fibres of X n . We wish to see which of the generalized functional invariant maps allowed by the restrictions of Sections 2.5 and 2.6 can actually underlie non-rigid Calabi-Yau threefolds fibred by M n -polarized K3 surfaces. As such threefolds are birational to the pull-backs of the fundamental families X n under the generalized functional invariant map (by Theorem 2.2), we begin by performing a detailed study of these fundamental families and their pull-backs under various covers.
Of particular interest is the behaviour of these families, and their covers, in neighbourhoods of the orbifold points in M Mn . The fibres over such points will, in general, be singular. We will examine each of these singular fibres in turn, beginning with the simplest kind: those lying over the 2-orbifold points λ i .
Proposition 3.5. Let ∆ ⊂ M Mn denote a small disc around one of the 2-orbifold points λ = λ i listed in Table 3 .3. If n = 7, then the threefold X n is smooth over ∆ and its singular fibre over λ = λ i is a singular K3 surface containing an A 1 singularity. If we pull-back X n → M Mn by a µ-fold cover ∆ ′ → ∆ ramified totally over λ = λ i , then the total space of the pulled-back threefold will contain an isolated cA µ−1 singularity.
In the case n = 7, the fibre over λ = 27 behaves as above. However, the fibre over λ = −1 contains an A 2 singularity and the threefold X n contains an isolated node (cA 1 ) singularity over this point. If we pull-back X n → M Mn by a µ-fold cover ∆ ′ → ∆ ramified totally over λ = −1, then the total space of the pulled-back threefold will contain an isolated cA 2µ−1 singularity.
Proof. The only difficult case here is when n = 7 and λ = −1 In this case, by Table 3 .2,X 7 contains six curves of cA m (m = 1, 2, 3, 4) singularities over ∆. When λ = −1, the singularity along one of the cA 2 curves (where (x, y, z, t) = (0, 1, −1, 0)) jumps to a cA 3 . After blowing-up these six curves of singularities, we are thus left with an isolated cA 1 singularity over λ = −1 in X 7 . The fibre of X 7 over λ = −1 is a singular K3, containing an A 2 singularity. Given this, the statement about the covers is easy.
Remark 3.6. In the case n = 7, the threefold X n may be analytically resolved to a smooth threefold with singular fibre a nodal K3, as in the other cases. However, it may not be possible to perform such a resolution algebraically.
The next type of singular fibre that we turn our attention to is the fibres over the cusp λ = ∞. As we shall see, these fibres all admit a simple common description.
Proposition 3.7. Let ∆ ⊂ M Mn denote a small disc around the cusp λ = ∞. The threefold X n is smooth over ∆ and its singular fibre over λ = ∞ is a semistable K3 surface of Type III, containing n + 2 components. If we pull-back X n → M Mn by a µ-fold cover ∆ ′ → ∆ ramified totally over λ = ∞ and crepantly resolve any resulting singularities, then the resulting threefold is again smooth and contains a semistable fibre of Type III with nµ 2 + 2 components.
Proof. Once we have proved the form of the fibres over ∆, the form of the fibres over the µ-fold cover ∆ ′ → ∆ follows immediately from [Fri83, Proposition 1.2]. We also note that the number of components appearing in the fibre of X n over λ = ∞ has previously been computed by Przyjalkowski in [Prz17, Corollary 35], but he does not precisely describe these fibres; our computations corroborate his result.
To find the precise forms of the fibres over ∆, we proceed case-by-case, indexed by n. The resolutions presented here are relatively simple to compute, if tedious; for brevity we only sketch the details. Table 3 .2, over ∆ the threefoldX 3 contains nine curves of cA m (m = 1, 2) singularities, which form sections of the fibration. Away from these nine curves,X 3 is nonsingular over ∆. After performing m crepant blowups on each of these curves, we are left with nine isolated singularities of type cA 1 lying over λ = ∞. These may be resolved by a small projective resolution, after which the threefold X 3 becomes smooth over ∆, with a semistable singular fibre of Type III consisting of five components arranged as a triangular prism. (M 4 ) By Table 3 .2, over ∆ the threefoldX 4 contains twelve curves of cA 1 singularities, which form sections of the fibration. Away from these twelve curves, X 4 is nonsingular over ∆. After performing a crepant blow-up on each of these curves, we are left with twelve isolated cA 1 singularities over λ = ∞. These admit a small projective resolution, after which the threefold X 4 is smooth over ∆, with a semistable singular fibre of Type III consisting of six components arranged in a cube. (M 5 ) By Table 3 .2, over ∆ the threefoldX 5 contains three curves of cA 1 singularities, which we denote C A1 i (i = 1, 2, 3), and three curves of cD 4 singularities, which we denote C D4 j (j = 1, 2, 3), all of which form sections of the fibration. The fibre ofX 5 over λ = ∞ has four components, given by the four coordinate hyperplanes in P 3 , arranged as a tetrahedron, and the three curves C D4 j pass through three of the vertices. Moreover, the singularities along the curves C D4 j jump to canonical threefold singularities when λ = ∞.
These singularities may be crepantly resolved as follows. First perform a single embedded blow-up along each of the curves C D4 j . Each of these blow-ups is crepant and gives rise to two exceptional divisors: one lying over the curve C D4 j , and one lying over the point of intersection between C D4 j and the fibre λ = ∞. After these blow-ups, we are left with twelve curves of generically cA 1 singularities: the three C A1 i and three coming from each C D4 j . These may each be crepantly resolved by a single blow-up, leaving twelve isolated cA 1 singularities, which may be resolved by small projective blow-ups.
After doing this, the threefold X 5 becomes smooth over ∆ and its fibre over λ = ∞ has seven components: the strict transforms of the original four and three additional components coming from the vertices that lie on the C D4 j (j = 1, 2, 3). This fibre is semistable of Type III and has seven components arranged as a tetrahedron with three truncated vertices. (M 6 ) By Table 3 .2, over ∆ the threefoldX 6 contains three curves of cA 1 singularities, denoted C The fibre ofX 6 over λ = ∞ has four components arranged as a tetrahedron. The curves C A3 1 and D 2 both pass through the point x = z = t = 0 (which is a vertex of the tetrahedron), and the curves C , then blowing up the curves D j once each, and finally performing small projective resolutions on any isolated terminal singularities that remain. After doing this, the threefold X 6 becomes smooth over ∆ and its fibre over λ = ∞ is semistable of Type III with eight components: the original four, plus one each from the curves D j (j = 1, 2) and one each from the vertices x = z = t = 0 and y = z = t = 0. (M 7 ) By Table 3 .2, over ∆ the threefoldX 7 contains one curve of cA 1 singularities, denoted C To simplify the computation, first introduce a new variable u := x + y + z + t, then change coordinates u → λu; this is an isomorphism on a general fibre and performs a birational modification to the fibre over λ = ∞, but this birational modification does not affect the number of components appearing in a crepant resolution. The resulting family is given by
The fibre of this new family over λ = ∞ consists of four components arranged as a tetrahedron. In addition to the C
Am i
, there are three curves of cA 1 singularities lying in this fibre, given by D 1 := {u = z = 0}, D 2 := {u = t = 0}, and D 3 := {u = y = 0}. The curves C A4 1 , D 1 and D 2 all pass through the vertex u = z = t = 0, which is a canonical threefold singularity. These singularities may be crepantly resolved as follows. First perform m blow-ups along each of the curves C Am j , then blow up each of the D j once. Finally, perform small projective resolutions on the isolated terminal singularities that remain. After this process the threefold X 7 becomes smooth over ∆. Its fibre over λ = ∞ is semistable of Type III with nine components: the strict transforms of the original four, one component from each of the three D j , and two additional components from the point u = z = t = 0. (M 8 ) By Table 3 .2, over ∆ the threefoldX 8 contains six curves of cA 1 singularities, denoted C A1 i
(i ∈ {1, . . . , 6}), and three curves of cA 2 's, denoted C A2 i (i ∈ {1, 2, 3}), which form sections of the fibration. There are also three additional curves D j (j = 1, 2, 3) of cA 1 singularities lying in the fibre λ = ∞, given by {x = t = 0}, {y = t = 0} and {z = t = 0} respectively. The fibre ofX 8 over λ = ∞ has four components, arranged as a tetrahedron, and the three C A2 i pass through the three vertices x = y = t = 0, x = z = t = 0 and x = y = t = 0, which are all canonical singularities.
These singularities admit a crepant resolution as follows. First perform m blow-ups of each of the curves C
, then blow up each of the curves D j once. Finally, perform small projective resolutions on the isolated terminal singularities that remain. After doing this, the threefold X 8 becomes smooth over ∆. Its fibre over λ = ∞ is semistable of Type III with ten components: the strict transforms of the original four, one component from each of the three D i , and one component from each of the three vertices Table 3 .2, over ∆ the threefoldX 9 contains three curves of cA 1 singularities, denoted C
A1 i
(i ∈ {1, 2, 3}), three curves of cA 2 singularities, denoted C A2 i (i ∈ {1, 2, 3}), and one curve of cD 4 singularities, denoted C D4 , all of which form sections of the fibration. There are also three additional curves D j (j = 1, 2, 3) of cA 1 singularities in the fibre over λ = ∞, where x = t = 0, y = t = 0 and z = t = 0 respectively. The fibre ofX 8 over λ = ∞ has four components, arranged as a tetrahedron. The three C A2 i pass through the three vertices x = y = t = 0, x = z = t = 0 and x = y = t = 0, and C D4 passes through the fourth vertex x = y = z = 0.
These singularities admit a crepant resolution as follows. First perform m blow-ups of each of the curves C Am i , then blow up the curves D j once each. Finally, perform an embedded blow-up along the curve C D4 . This gives rise to an additional component over the vertex λ = ∞, x = y = z = 0 and three disjoint curves of cA 1 singularities. These three curves may then be resolved by one further blow-up each. Finally, perform small projective resolutions on the isolated terminal singularities that remain. After this, the threefold X 9 becomes smooth over ∆. Its fibre over λ = ∞ is semistable of Type III with eleven components: the strict transforms of the original four, one component from each of the three D j , and one component from each of the four vertices of the tetrahedron. (M 11 ) By Table 3 .2, over ∆ the threefoldX 11 contains two curves of cA 1 singularities, denoted C 2 , all of which form sections of the fibration. There are also four additional curves D j (j = 1, 2, 3, 4) of cA 1 singularities where λ = ∞ and x = t = 0, y = t = 0, x = z = 0, and y = z = 0 respectively. The fibre ofX 11 over λ = ∞ has four components, arranged as a tetrahedron. The curve C A2 1 passes through the vertex x = y = t = 0, which is a canonical singularity, and the two curves C A3 i (i = 1, 2) pass through the vertices x = z = t = 0 and y = z = t = 0, each of which is a canonical singularity.
These singularities may be crepantly resolved as follows. First perform m blow-ups along each of the curves C Am i
. After doing this, resolve the curves D j by blowing up once each. Finally, perform small projective resolutions on any isolated terminal singularities that remain. After this, the threefold X 11 becomes smooth over ∆ and its fibre over λ = ∞ is semistable of Type III with thirteen components: the strict transforms of the original four, four additional components coming from the four D i , one component from the vertex x = y = t = 0 (where C The last, and most complex, singular fibres lie over the orbifold point λ = 0. In this case, Theorem 2.17 heavily restricts the degrees of the possible covers that we need to consider.
Proposition 3.8. Let ∆ ⊂ M Mn denote a small disc around the point λ = 0. The number of components of the singular fibre of X n over λ = 0 is given by the µ = 1 column of Table 3 .4.
After pulling-back X n → M Mn by a µ-fold cover ∆ ′ → ∆ ramified totally over λ = 0, we may perform a birational modification (that only affects the fibre over λ = 0) so that the relative canonical bundle of the resulting threefold over ∆ ′ is trivial and, unless marked otherwise (see below ), the resulting threefold is smooth. In this case, the number of components of the fibre over λ = 0 is given by the column corresponding to µ in Table 3 .4.
Moreover, in Table 3 .4
• in cases marked with an asterisk ( * ), the corresponding fibre is semistable of Type III or, if there is only one component, is a smooth K3 surface; and • there are several possibilities for fibres having only one component. A fibre denoted 1 * (resp. 1) is a smooth (resp. nodal ) K3 surface in a smooth total space. A fibre denoted 1 * † (resp. 1 † ) is a singular K3 surface in a singular total space, that admits an analytic resolution to a smooth (resp. nodal ) K3 surface in a smooth total space. Note that in all cases marked with † it may not be possible to perform such resolutions algebraically, see Remark 3.6.
Proof. As in the proof of Proposition 3.7, we proceed by analyzing each case in turn, indexed by n. Note that in some of these cases, including all cases with µ = 1, the number of components in the singular fibre has previously been computed by Przyjalkowski [Prz13] ; in these cases our computations reproduce his result. As before, for brevity we only sketch the details of the computations. In the case µ = 3, after pulling-backX 2 by a triple cover the threefold becomes non-normal along the locus λ = w = 0. Blow this locus up in the fourfold ambient space. After blowing up, the strict transform of our threefold is smooth away from the six curves of cA 3 singularities which form sections of the fibration, and its fibre over λ = 0 has five components: the strict transform of the original along with four new components. Of these, the component which is a strict transform of the original fibre is exceptional and may be contracted, leaving a threefold with trivial relative canonical bundle. The singular fibre of this threefold over λ = 0 has four components, arranged as a cone over four lines in P 2 . In the cases µ = 5, 6, 7, after making a change of coordinates t → λt and normalizing, we obtain a singular fibre with the same configuration of singularities as in the cases µ = 1, 2, 3, respectively. These may be resolved in the same way, to give singular fibres with respectively 31, 11 and 4 components. (M 3 ) InX 3 , the fibre λ = 0 has two components: a component S := {λ = s = 0} ∼ = P 2 , which has multiplicity 2, and a component Z := {λ = z = 0} ∼ = P 1 × P 1 , which has multiplicity 3. Moreover, over ∆, the threefoldX 3 has 17 curves of singularities: along with the six curves C A1 i (i ∈ {1, . . . , 6}) of cA 1 and three curves C A2 i (i ∈ {1, 2, 3}) of cA 2 singularities coming from Table  3 .2, which form sections of the fibration, there are also three curves D i of cA 1 singularities in the component S and five curves E i of cA 2 singularities in the component Z. The method of [Fri83, Section 1] may be used to simultaneously resolve all curves of cA 1 's, followed by all curves of cA 2 's, giving rise to a singular fibre with 21 components: the strict transforms of S and Z, one exceptional component from each of the three D i , two exceptional components from each of the five E i , and one exceptional component from each of the six points C A2 i ∩ E j ∩ E k . In the case µ = 2, suppose that we pull-backX 3 by a double cover ∆ ′ → ∆ ramified over λ = 0. The resulting threefold is non-normal along its central fibre. After performing a change of coordinates s → λs, which has the effect of normalizing the pull-back of S and contracting the pull-back of Z, we obtain a threefold with irreducible central fibre that contains ten curves of singularities over ∆ ′ : the pull-backs of the nine C
Am i
(note that the six C A2 i 's are no longer disjoint, but intersect in three pairs) and the curve D := {λ = r = z = 0}, which is a curve of cA 2 singularities. Once again, the configuration of curves of cA 2 singularities may be simultaneously resolved by the method of [Fri83, Section 1], leaving three disjoint curves C A1 i of cA 1 's, which may be resolved by one blow-up each. The result is a singular fibre with six components: the strict transform of S, two from the curve D, and one each from the three points
In the case µ = 3, suppose that we pull-backX 3 by a triple cover ∆ ′ → ∆ ramified over λ = 0. The resulting threefold is non-normal along its central fibre. After performing a change of coordinates z → λz, which has the effect of normalizing the pull-back of Z and contracting the pull-back of S, we find that the resulting threefold is smooth away from the nine curves C by the method of [Fri83, Section 1] to obtain a smooth threefold whose singular fibre over λ = 0 is a nodal K3.
Given this it is easy to see that, in the case µ = 6, the pull-back of X 3 by a 6-fold cover ∆ ′ → ∆ is a singular threefold, with an isolated node (cA 1 ) singularity.
In the case µ = 4, suppose that we pull-back X 3 by a 4-fold cover ∆ ′ → ∆ ramified over λ = 0. After making a change of coordinates z → λz, we obtain a central fibre containing three curves of cA 1 singularities and five curves of cA 2 singularities, arranged in the same configuration as the unramified case. This may be crepantly resolved in the same way as the unramified case, to give a fibre with 21 components.
Finally, in the case µ = 5, suppose that we pull-backX 3 by a 5-fold cover ∆ ′ → ∆ ramified over λ = 0. After performing a change of coordinates s → λs, z → λz, we obtain a threefold with irreducible central fibre that contains ten curves of singularities over ∆ ′ : the pull-backs of the nine C Am i
(as in the double covering case, the six C A2 i 's are no longer disjoint, but intersect in three pairs, and the three C A1 i 's intersect transversely in a triple point) and the curve D := {λ = r = z = 0}, which is a curve of cA 2 singularities. As in the double covering case, the configuration of curves of cA 2 singularities may be simultaneously resolved by the method of [Fri83, Section 1], leaving the three curves C A1 i of cA 1 's, which may be simultaneously resolved by the same method. The result is a singular fibre with six components: the original component, two from the curve D, and one each from the three points
(M 4 ) InX 4 the fibre over λ = 0 has three components S 1 , S 2 , S 3 , given by S i := {λ = s i = 0} ∼ = P 1 × P 1 , each of which has multiplicity 2. Moreover, over ∆ the threefoldX 4 has 24 curves of singularities: along with the twelve curves C i (i = 1, . . . , 12) of cA 1 singularities from Table 3 .2, which form sections of the fibration, there are also four curves D ij (i ∈ {1, 2, 3}, j ∈ {1, . . . , 4}) of cA 1 singularities in each component S i , corresponding to the intersections of S i with the hyperplanes {r k = 0} and {r k = s k } for k = i. This configuration can be resolved by the method of [Fri83, Section 1], giving rise to a singular fibre with 15 components: the strict transforms of the three S i along with one exceptional component from each of the twelve D ij .
In the case µ = 2, suppose that we pull-backX 4 by a double cover ∆ ′ → ∆ ramified over λ = 0. The resulting threefold is non-normal. The normalization is singular only along the pull-backs of the curves C i and its central fibre consists of three components, each of which is a double cover of one of the S i ramified over the four curves D ij (each component thus obtained contains four A 1 singularities, corresponding to the intersections D ij ∩ D ik . These coincide with the intersection of S i with the curves C l , which are blown up in the next step). After blowing up the C i , we obtain a smooth threefold whose central fibre is semistable of Type III, with three components meeting along three double curves and two triple points.
Given this, the form of the fibre over the pull-back by a further double cover (corresponding to µ = 4) then follows easily from [Fri83, Proposition
Finally, in the case µ = 3, suppose that we pull-backX 4 by a triple cover ∆ ′ → ∆ ramified over λ = 0. The resulting threefold is again non-normal. After normalizing, the resulting fibre has cA 1 singularities along the twelve C i , the twelve D ij , and along the three intersections S i ∩ S j . Crepantly resolving these singularities using the method of [Fri83, Section 1], we obtain a central fibre with 18 components: the original three, plus one from each of the twelve curves D ij and one from each of the three curves S i ∩ S j . (M 5 ) The fibre of X 5 over λ = 0 has been previously studied by Iliev, Katzarkov and Przyjalkowski [IKP14, Section 5.2]. They show that after a number of crepant blow-ups the threefold X 5 becomes smooth over ∆ and its fibre over λ = 0 has 11 components. In the case µ = 2, suppose that we pull-backX 5 by a double cover ∆ ′ → ∆ ramified over λ = 0. The resulting threefold is non-normal. After normalizing, the only singularities remaining are the six curves of cA 1 and cD 4 singularities coming from Table 3 .2. After blowing up these curves, the resulting threefold is smooth over ∆ ′ with central fibre a smooth K3 surface. A further double cover preserves this smoothness, giving the case µ = 4.
Finally, in the case µ = 3, suppose we pull-backX 5 by a triple cover ∆ ′ → ∆ ramified over λ = 0. The resulting threefold is non-normal along its central fibre λ = 0. We may normalize by blowing up this fibre in the fourfold total space. The resulting threefold is normal and its fibre over λ = 0 contains seven curves of cA 1 singularities, arranged in the same configuration as the unramified case. This may be crepantly resolved by the method of [IKP14, Section 5.2], to give a fibre with 11 components. (M 6 ) Note there is a natural involution of the familyX 6 , given by
This involution exchanges the fibres over λ = 0 and λ = ∞, which must therefore be isomorphic. Given this, the properties for the fibre over λ = 0 follow immediately from the properties of the fibre over λ = ∞, as computed in Proposition 3.7.
(M 7 ) The fibre of X 7 over λ = 0 is the most difficult. We once again use the simplified form (6), but with an additional variable substitution w := z + t. The equation for the family becomes
The fibre of this family over λ = 0 has two components, given by {y +w = 0} and {(uw 2 + yz(w − z) = 0}, which meet along the two curves D 1 := {y = w = 0} and D 2 := {y + w = uw − z(w − z) = 0}. Over ∆ the threefold defined by this equation contains eight curves of singularities: along with the six curves C Am i (m ∈ {1, . . . , 4}, i ∈ {1, 2, 3}) of cA m singularities coming from Table 3 .2, which form sections of the fibration, there is an additional curve of cA 2 singularities along D 1 and a curve D 3 := {w = z = 0} of cA 1 singularities.
This fibre admits a crepant resolution as follows. First blow up the curve D 1 twice and the curve D 3 once. After this, perform m blow-ups of each of the curves C Am i
. Finally, any remaining isolated terminal singularities may be resolved by small projective resolutions. After this process, X 7 becomes smooth over ∆, and its fibre over λ = 0 has six components: the strict transforms of the original two, two from D 1 , one from D 3 , and one from the point y = z = w = 0 where D 1 , D 3 and C A2 1 meet. In the case µ = 2, suppose that we pull-back by a double cover. The fibre described above contains six components meeting along nine double curves. Under the cover, these double curves become curves of cA 1 singularities, which may be resolved by blowing up once each. The resulting fibre has 15 components.
Finally, in the case µ = 3, suppose that we pull-back by a triple cover ramified over λ = 0. Perform another change of coordinates u → u λ , w → λw and y → λy. The resulting family is
This family has an irreducible fibre over λ = 0 and the threefold total space is smooth away from the six curves C
, which form sections of the fibration. However, there is some isolated singularity behaviour where the curves C collide in a cA 6 singularity, and the singularity along the curve C A4 1 jumps to a cD 5 . After blowing up these three singularities, we are left with three isolated nodes (cA 1 's) in the threefold total space, corresponding to the three points where the isolated singularity behaviour occurs. The fibre over λ = 0 in this threefold is a singular K3 surface with three A 1 singularities, one for each threefold node. (M 8 ) The fibre of X 8 over λ = 0 has been previously studied by Przyjalkowski [Prz13, Example 29] . He shows that after a number of crepant blow-ups the threefold X 8 becomes smooth over ∆ and its fibre over λ = 0 is semistable with 4 components, arranged as a tetrahedron. Given this, in the case µ = 2 the form of the fibre over the double cover
The fibre of X 9 over λ = 0 has also been previously studied by Przyjalkowski [Prz13,  Example 30], who shows that after a number of crepant blow-ups the threefold X 9 becomes smooth over ∆ and its fibre over λ = 0 is semistable with 3 components. As before, in the case µ = 2, the form of the fibre over the double cover ∆ ′ → ∆ follows immediately from [Fri83, Proposition 1.2]. (M 11 ) The fibre ofX 11 over λ = 0 is irreducible, and the only singularities ofX 11 over ∆ are the five curves of cA m (m = 1, 2, 3) singularities arising from Table  3 .2 and one isolated node (cA 1 ) at the point (x, y, z, t, λ) = (1, 1, −1, 0, 0). After blowing up the five curves of cA m singularities, X 11 is left with a single isolated node (cA 1 ). Its fibre over λ = 0 is a singular K3 surface with an A 2 singularity.
In the case µ = 2, if we pull-back X 11 by an double cover ramified over λ = 0, the fibre over λ = 0 is unchanged, but the resulting threefold will contain an isolated cA 3 singularity over λ = 0. This completes the proof of Proposition 3.8.
Constructing Calabi-Yau threefolds
The aim of this final section is to use the results of the previous sections to explicitly classify nonrigid Calabi-Yau threefolds fibred non-isotrivially by M n -polarized K3 surfaces, for n = 1. By Theorem 2.2, we know that any such Calabi-Yau threefold is birational to the pull-backX n,g of one of the familiesX n → M Mn under the generalized functional invariant map g : P 1 → M Mn , and Corollary 2.14 tells us that n ∈ {2, 3, 4, 5, 6, 7, 8, 9, 11}.
We are thus reduced to classifying the possible generalized functional invariant maps that give rise to Calabi-Yau threefolds in each case. We may use Theorem 2.17 to significantly reduce the number of cases that we need to consider. We thus obtain the following theorem, which should be thought of as a converse to Theorem 2.17.
The generalized functional invariant maps g appearing in this theorem are described using the notation introduced in Section 2.6. Recall that d denotes the degree of g (note that d ≥ 2, by Theorem 2.17) and [x 1 , . . . , x k ], [y 1 , . . . , y l ], [z 1,1 , . . . , z m1,1 ], . . . , [z 1,1 , . . . , z mq,q ] denote the partitions of d that encode the ramification profiles of g over λ = ∞ (the cusp point), λ = 0 (the a-orbifold point) and λ = λ 1 , . . . , λ q (the 2-orbifold points) respectively. Finally, r denotes the degree of ramification of g away from λ ∈ {0, ∞, λ 1 , . . . , λ q }.
Theorem 4.1. With notation as in Section 2.6, suppose n ∈ {2, 3, 4, 5, 6, 7, 8, 9, 11},
and [y 1 , . . . , y l ] is one of the partitions of d listed in Table 2 .1. ThenX n,g is birational to a Calabi-Yau threefold X n,g with at worst Q-factorial terminal singularities.
Moreover, if
• n = 7, 11, and • g is unramified over λ ∈ {λ 1 , . . . , λ q }, and
• we are not in the case n = 3, l = 1, [y 1 ] = [6], then X n,g is smooth.
Proof. The singularities inX n,g away from the fibres over the points in the preimage g −1 ({0, ∞, λ 1 , . . . , λ q }) are given in Table 3 .2; they all lie along smooth curves which form sections of the fibration, so may be crepantly resolved. In neighbourhoods of the fibres over g −1 ({0, ∞, λ 1 , . . . , λ q }), crepant birational tranformations resolving the singularities inX n,g are computed in Propositions 3.5, 3.7 and 3.8. Using these explicit birational transformations, it is a straightforward calculation to show that X n,g has trivial canonical sheaf. Finally, vanishing of H 1 (X n,g , O Xn,g ) follows by the method used to prove [DHNT16, Proposition 2.7].
Remark 4.2. This theorem should be thought of as a generalization of the results of [DHNT16, Section 2]. Note that, even in the n = 2 case, the main result [DHNT16, Corollary 2.8] of that section is somewhat weaker than the result above, as it only classifies the cases where the threefoldsX 2,g have Calabi-Yau resolutions. In contrast, the result above classifies all cases whereX 2,g is birational to a CalabiYau threefold, which is a weaker condition. In particular, here we acquire additional cases Using the methods from [DHNT16] , it is now a simple matter to compute the Hodge numbers of these threefolds.
Proposition 4.3. Let X n,g be a Calabi-Yau threefold as in Theorem 4.1. Suppose that X n,g is smooth. Then where [x 1 , . . . , x k ] and [y 1 , . . . , y l ] are the partitions of d encoding the ramification profiles of g over λ = ∞ and λ = 0 respectively, and c(n, y j ) is the integer in row n and column y j of Table 3 .4.
Proof. This is a straightforward computation using [DHNT16, Lemma 3.2].
Proposition 4.4. Let X n,g be a Calabi-Yau threefold as in Theorem 4.1. Suppose that X n,g is smooth. Then we have Proof. The proof of this proposition follows by the same method as was used to prove [DHNT16, Corollary 3.9]. We begin by setting up some notation: let π n,g : X n,g → B ∼ = P 1 denote the K3 fibration on X n,g , let j : U ֒→ B denote the open set over which X n,g is smooth and the fibres of X n,g are smooth K3 surfaces, and let π U n,g denote the restriction of π n,g to U .
Note that, since X n,g is a smooth Calabi-Yau threefold, we have h 2,1 (X n,g ) = 1 2 b 3 (X n,g ) − 1, so it suffices to calculate b 3 (X n,g ). Then it follows from [DHNT16, Lemma 3.4] that b 3 (X n,g ) = h 1 (B, j * R 2 (π U n,g ) * C) and, using Equation (1), we have h 1 (B, j * R 2 (π U n,g ) * C) = h 1 (B, j * T (X U n,g )). Now, by Proposition 2.6, we have T (X U n,g ) = g * V + n , so b 3 (X n,g ) = h 1 (B, j * g * V + n ), which may be computed using Equation (2) and the explicit monodromy matrices computed in Section 2.4.
We illustrate this computation for n = 4, the other cases are analogous. In this case:
• if g ramifies to order y at a preimage p of 0, then R(p) = 4 − hcf(y, 2),
• if g ramifies to order z at a preimage p of λ 1 = 64, then R(p) = 2−hcf(z, 2), and • at any preimage p of ∞, we have R(p) = 2.
Thus Equation (2) (2 − hcf(y i , 2)).
Note that the value l i=1 (2 − hcf(y i , 2)) is the number of ramification points of odd order lying over the point λ = 0. Examining the possible ramification profiles over this point, as given in Table 2 .1, we see that when n = 4 this value is always equal to 4 − d. So we have The values of h 2,1 (X n,g ) must be invariant under these degenerations, and the correction term δ ensures that this holds. In this way, δ may be thought of as a correction for "non-genericity". It corrects for the fact that, for certain choices of n, g as above, the Calabi-Yau threefold X n,g is not generic in its deformation class; it may be thought of as measuring the codimension of the family X n,g in moduli.
Note that this also means that, whilst [DHNT16, Corollary 2.8] did not capture all of the threefolds with n = 2 from Theorem 4.1 (see Remark 4.2), it did capture the generic member of every deformation class (i.e. all cases with δ = 0). Remark 4.6. This formula for h 2,1 (X n,g ) can be simplified significantly if we make the genericity assumptions that δ = 0 (so X n,g is generic in its deformation class) and g is unramified over λ ∈ {λ 1 , . . . , λ q }. In this case, we have m odd = m 1 + · · · + m q = qd, so it follows from Theorem 4.1 that h 2,1 (X n,g ) = r, the degree of ramification away from λ ∈ {0, ∞, λ 1 , . . . , λ q }.
In this setting, an argument analogous to that used to prove [DHNT16, Proposition 4.1] shows that all small deformations of X n,g are induced by deformations of g that preserve the ramification profiles over λ ∈ {0, ∞}. One may use this to compare the moduli spaces of the Calabi-Yau threefolds X n,g to the Hurwitz spaces of the maps g.
Remark 4.7. It is interesting to look at the mirror symmetric interpretation of these results. The philosophy of [DHT17b] states that a smooth Calabi-Yau X n,g with l = 2 (so there are 2 ramification points over λ = 0) should split into a pair of LG-models, each corresponding to a quasi-Fano variety. These quasi-Fano varieties may then be glued to give a Tyurin degeneration, which smooths to give a Calabi-Yau variety mirror to X n,g . Further evidence for this conjecture is given in [Lee17] .
We can say more: if X n,g is a smooth Calabi-Yau with δ = 0 (so X n,g is generic in its deformation class) and l = 2, and [y 1 , y 2 ] is the ramification profile over λ = 0, then the pairs (n, y i ) should equal (hypersurface degree, index) for the corresponding quasi-Fano varieties. Indeed, one may immediately observe that the pairs (n, y i ) satisfying these assumptions are (2, 1), (2, 2), (2, 4), (3, 1), (3, 2), (3, 3), (4, 1), (4, 2), (5, 1), (5, 2), (6, 1), (7, 1), (8, 1), (9, 1), (11, 1), which give all fifteen possible (hypersurface degree, index) pairs for smooth Fano varieties with Picard rank 1 and hypersurface degree ≥ 2.
[DHT17b] does not provide a mirror interpretation for the Calabi-Yau varieties X n,g with l = 1. The authors plan to address this in future work.
